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Abstra<:t-The free vibrations of rotating laminated filament-wound cylindrical shells have been
investigated. The exact solution procedure was formulated for general field equations and general
boundary conditions. arbitrary combinations of lamina materials. and fiber orientation. A para­
metric investigation of the free vibrations' spectra has llt.-en carried out. The main characteristics of
spinning composite shells are presented and discussed as functions of the filament-winding angles.
various layups and the rotational velocity.

INTRODUCTION

The dynamic behavior of spinning shells has been investigated for over a century. Since the
appearance of Bryan's (1890) paper first discovering the traveling-modes phenomenon.
numerous studies have becn published. In particular. thc following studies .ue notcd:
Carrier (1945). Oi Taranto and Lessen (1964). Fox and Hardie (1985). Huang and Soedcl
(1988a.b). PttdOV'lO (1973) .tnd Soedcl (1976.1981).

There are various engineering applications ofspinning cylindrical shells-namely where
the angular velocity vector coincides with the shell axis-such as high-speed centrifugal
sep;lrators and gas turbines for high-power aircraft engines. Other applications are associ­
ated with spinning satellite structures and similar spaceerafts.

Until recently most of the research ctTorts had been devoted to the dynamic behavior
of rotating isotropic shells. A review of an"llytic;tl methods used to determine the modal
characteristics of non-rotating cylindrical shells m..y be found in Forsberg's report (1966).
The free and forced vibrations of spinning isotropic shells were treated by several inves­
tigators. in p;lrticul.lr it is worth mentioning the work of Huang and Socdcl (1988b). Their
..nalysis of the free and forced vibrations of simply-supported rotating isotropic cylindrical
shells resulted with the conclusion that the etfect of rotation is mainly in bifurcating the
natural frequencies into two branches of forward and backward waves.

The vibration analysis of aI/isotropic composite shells is of importance in view of the
current interest in designing with composite materials. Not too many investigations dealt
with this new field of application. The work of Greenberg and Stavsky (1981) is noted,
presenting the vibration analysis of non-rotating laminated composite cylindrical shells.

Padovan (1975) was scemingly the tirst to consider the effects of material anisotropy
on spinning cylindrical shells. In this investigation perturbational finite-element approxi­
mations were used to study the frequency and buckling eigenvalues of prestressed shells.

In what follows. a general formulation of the dynamic behavior of spinning composite
cylindrical shells-within the framework of Love's shell theory-is given for arbitrary
boundary conditions. The linear governing field equations arc formulated for small vibra­
tory motion around the rotated equilibrium state. The equations of motion in terms of
displacements are expressed by "structural" and "dynamic" operators. A closed-form
solution is given for the presented linear system of homogeneous differential equations.
Finally. a parametric study of the free vibrations spectra of rotating shells is presented and
discussed.

THEORY

Notation
The cylindrical shell under discussion is shown in Fig. Ia. The rotation is expressed by

>
the velocity vector n given by O,i where n is a scalar that may represent both positive and
negative values.
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The non-dimensional (with respect to the shell radius a) axial coordinate is denoted

by ~( = S). the circumferential direction is denoted by (j and the direction normal to the

surface by C(sec Fig. Ib). The shell is assumed to be made of layers of filament-wound
orthotropic materials, the thicknesses of which arc denoted by t i (see Fig. Ic).

Equations ofmotion
The three-dimensional equations of motion for an infinitesimal element in polar coor­

dinates in the rowting frame may be written, for the case of time-independent density, as
follows [see e.g. Stavsky and Loewy (1971)]:

(I a)

(I b)

( Ie)

where, is a radial coordinate and art alJ and a; arc the components of the acceleration vector
in the rotating frame given in the f, 0, =directions. respectively. By dynamic considerations
it is possible to show that:

ar = ur-Q~(~+ lIr ) - 2Qli(l

all = Uf/-Q2u/,+2Qur

(2a)

(2b)

(2c)
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where u" Ue and U: are the elastic displacements in the ;, U, =directions, respectively, and
(.) denotes differentiation with respect to time. Note that the terms underlined with a single
line are those stemming from Coriolis acceleration and the one with a double line is an
inertia term which is independent of the elastic deformation. Assuming linear displacement
fields across the shell thickness [see Stavsky and Loewy (1971)], integrating eqns (la­
c) and substituting the more convenient notation U = U:, V = Ue, W = -u.. dr = -d;.
dx = d= = a d" yields three force equations (see Appendix A for the definition of stress
resultants and inertia terms):

_ I
Ne·a+N•• -Na-(voa-W.) = aRoa.

~.D' ".", 'l7 a ....17... ... (3a)

(3b)

(3c)

where it was assumed that due to the rotation. the circumferential force, No. is very large
in comparison with the other stress resultants and therefore its product with the dis­
placements has been retained. No is decomposed to the sum of the initial value N~ and the
vibratory force No. Assuming that the boundary conditions are enforced only after spinning
has been attained, it can be shown that:

(4)

In addition, No should be replaced by No( I + ~ u.:) in the second and third equations of

motion to account for the stretching of the middle surface. Retaining linear terms eqns (3a­
c) take the form:

NI/:.o+ N:.: = aRoa: + Roa2n.2(v.~o - w.:)

No,o +N:o.o- Qo = aRoao - R~a2n.u.~o

2 2( I I I)Q.~+Qoo+No=aRoar-Roa n. 1+ -vo+ -woo+ -u•.,... • a' a' a"

(5a)

(5b)

(5c)

In addition, multiplying eqns (2b-c) by ( d( and integrating, yields a pair of moment
equations from which Qo and Q: are obtained and substituted in eqns (4b,c).

Stress-strain relations are based on Hooke's law for an aeolotropic shell. In terms of
the elastic stiffness moduli it is possible to express the stress-strain relations as:

(6)

Assuming linear strain variation across the shell thickness enables the strains to be expressed
as functions of the strains at the reference surface ef, &:1, e~o and the curvature changes ":,
"e. ":0 by:



834 OMRI RASO and YEHl'DA STAVSKY

(7)

Consequently, based on the definitions in Appendix A. the shell stress-strain relations
become:

N; A;~ A;~ A;, B;; B;~ B;, £J
N~ A~; Atl~ A~, B/I; BIlII BII, £,~

N;tI A,; A,tl A" B" B,II B"
n

£;~

= - .- - - - - - - - - (8)
M; B;; B;o B~, D;; D;~ D;.< 1\:;

AI'I B,,; Bw B", D,,; D"II D", 1\:11

M;IJ B" B,tl B,u D" D.<II D" 1\::/1

In addition, the curvature terms rtlay be expressed in terms of the displacements of the
reference surface un, ('0, wOby:

I (,(I (I)
1\:11 = - .'., , II + W till

{/.' ,

I (,n (I )
1\:;11 = - ~ ' .. + 1l',~11 '

{/

(941)

(9b)

(9c)

Substitution of eqns (9<1 c) into eqn (7) <lnd eqns (7) and (941 c) into eqn (H) yields the
stress,result<lnt-displ<lcement rcl<ltions.

Di.':placem('1It (,([lItllion.': ofmotion
The vibmtory motion of the entire systcm is assullled to be harmonic with the same

period, so that the time and spatial variations may be separuted as:

( 10)

where w is the vibratory frequency and" is the eircumferenti<ll mode. Note that in the
following discussion, n is assumed to be known.

Substituting the above-mentioned strcss resultant-displ,lcement relutions in eqns (4u -c)
enubles, with the aid ofeqn (10), the following lineur system ofequutions to be formulated:

{Vt} {'hi[L} v~ = 'III

U l Cf:

( II)

where [L} contains "structural operators". [LsI, which depend on the elastic stiffness moduli
and geometrical properties and "rotutional" operators, [Lltl. which depend on the angular
velocity components, the natural frequency, geometrical properties and the density dis­
tribution. q~. 'III and 'I; are given external forcing terms. The operators [LsI and [LRI are
shown in Appendix B. It should be noted that the format of eqn (II) is generic and may
be kept in case of other eighth-order shell theories.

In order to investigate the case of free vibrations, one should assume q~ = 'III = 'I: =0
and eqns (II) become a linear homogeneous system of equations.
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Method ofsolution
Since the functional operators are linear with constant coefficients. it is possible to

express the displacements as a displacement function cP(~) [see Greenberg and Stavsky
(1981)] :

(12)

where gil are the minors of det (L ii ) and the displacement function cP is the solution of the
homogeneous equation

det (L'i)cP = O. (13)

Generally. the operator det (L,,) is eighth-order so the solution of eqn (13) is of the form:

M

cP = L 'kel'·~
k- I

( 14)

where Ilk are the roots of the eighth-degree polynomial auxiliary equation and 'k are
constants to be determined by the boundary conditions which are also written in terms of
rk and Ilk'

Since each type of boundary condition is associated with a combination of resultant
forces. moments. displacements and their derivatives. it is always possible to express the
forces and moments in tcrms of the displacements by:,

where

{N} = [Nul {til

{N}" = <N~. N". N;fh ~(. M". M~". Q~. Q,,)

(ISa)

( ISb)

( ISc)

Conscquently, for each type of boundary condition it is possible to construct a matrix, [RI.
which consists of the appropriate rows of [Nu]. For example. for the case of a shell which
is simply-supported. of type SS3. at its two ends [i.e. N~ = M~ = /) = IV =0 for ~ = (O.lja)]
one may write:

1
N~IAI.

1" = [R){tI}.

II'

The displacements vector {til is related to rk and Ilk by the equation:

{tI} = [P] {r}

where the elements of the matrix [P] arc given by:

( 16)

( 17)

(i= 1.3.j= 1,8)

(i = 4.6.j = 1,8)

( 18a)

(18b)
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( 18e)

The di,(k) elements are the coefficients of the (1) operator. namely:

(19)

and the vector {r} is defined by:

(20)

Thus. combining eqns (16). (17) enables us to write (for the case of a simply-supported
shell):

N~(o)

M~(o)

v(O}

w(O)

N~(,)

M~(I)

(21 )

l'( I)

The solution procedure is therefore initiated by assuming a value for the vibration
frequency w. Then. eqn (13) is solved and the roots Jlk are obtained. At this stage. the
determinant of the matrix [71 is calculated. This procedure is repeated until the value of w
that causes the vanishing of the determinant of [71 is obtained. For that frequency. the
eigenvalues of {r} are calculated and t/J. V io V2 and VJ are determined by eqns (14). (12).

Figure 2 presents a typical variation of the determinant of the matrix [71 with frequency
(values are normalized). As shown. the imaginary part dominates the problem in this case
and its vanishing at w = 820 rad s - I and w = - 2000 rad s - I represent the first two natural
frequencies.
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RESULTS AND DISCUSSION

The following section contains results of a parametric investigation of spinning lami­
nated filament-wound cylindrical shells. Ultra-high modulus graphite-epoxy has been
chosen for the following examples. The material properties are:

Ell = 3x 10" Nm- 2

En = 6.2x 109 Nm- 2

E66 = 4.1 x 109Nm- 2

Vl2 = 0.26

p = 1.6 x 103 kgm- 3
•

(i) Single-layered anisotropic shells
[n the case of the non·vanishing spinning velocity, the solution has two branches which

correspond to the cases of forward· and backward-traveling modes or to the cases of
positive or negative spinning velocity (which may also be interpreted as positive and negative
eigenvalues). [n what follows, the shell's natural frequency (w) will be presented as a function
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of the (positive or negative) spinning velocity (0). different values of circumferential mode
number and laminate-winding angle (:x). [n all cases the sheIrs geometry is given by I a = I
and t a == O.O\.

Figures 3a.b present the natural frequency for the case of simply-supported shells (553
boundary conditions. i.e. l" = II' = N~ = A( = 0 at both ends) for a single lamina at :x = O.
Generally. by looking for the lowest natural frequency for each spinning speed. it may be
seen that the higher circumferential modes dominate the behavior for low values of spinning
speed. As 0 is increased. lower modes become more and more effective. As a result. the
dominant modes for high values of 0 (> 700 rad s - I) are 0 and I for the cases of positive
and negative spinning speeds. respectively. while the dominant modes for 0 = 0 are 8 and
9 in both cases. This phenomenon results from the trend oftow cirumferential modes (n = O.
I) to decrease with spinning speed and the opposite trend observed in the case of high
circumferential modes (n > 3). It should be noted that as expected for II = 0 the results are
invariant to the sign of the spinning velocity.

Figures 4a.b present similar results obtained for these simply-supported boundary
conditions for orientation angle :x = 90 '. Examination of these results shows several inter­
esting trends. First. for the case of 0 > O. as :x is increased. all modes begin to show a
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tendency to increase their natural frequency with speed. [n addition. enlarging ~ tends to
increase the natural frequency of all the modes while the lower modes are more intluenced.
Figures 5a.b present an intermediate case (IX = 30') where similar characteristics may be
observed.

Following the replacement of the boundary conditions by the fully-clamped case RF4
(i.e. 1/ = t' = IV = w.~ = 0 at both ends). additional similar calculations of the shell's natural
frequency as a function of the spinning speed have been carried out. Figures 6a.b show the
corresponding case of ~ = O. Compared with the "simply-supported" case (Figs 3a.b). one
may observe the relatively-high natural frequency in this casco The trend of the high
circumferential modes to increase with the natural frequency is also noted in this case.

(ii) Laminateel anisotropic: shells
Additional cases of shell structures which consist of three layers ofdifferent thicknesses

and winding angles were examined for the case of clamped boundary conditions. [n these
cases the shell was assumed to be three-ply. an inner ply of thickness hj2 oriented at IX = 0'
and two outer-plies of thicknesses'" d and" (! - d). respectively. both oriented at IX = 90°.
The natural frequencies in these cases are shown in Figs 7a.b as functions ofd (0 ~ d ~ 0.5)
along with the corresponding circumferential modes for some values of d. Studying the case
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of Q = 0 (Fig. 7a) shows significant changes as a function of d in the natural frequency
which attains, for d = 0.25. a value of about 30% higher than that obtained for the two­
layer shells of d = 0 and 0.5. However. examination of these v..triations in the case of
n = 200 md s- I Fig. 7b shows that the differences between the cases of d = 0 and d = 0.25
are only 7%. This is due to the fact that spinning becomes the dominant componcnt in the
determination of the shell "cq uivalent stiffness" and since the material density is not changed
with tI, the changes in natural frequencies are small.

The natural frequencies for some other simply-supported shell constructions as func­
tions of the spinning velocity arc presented in Fig. 8. Note that except for the case of a
single laminate at zero fiber orientation (0. I, 0), the characteristics of all other cases show
a monotonic growth of the natural frequencies with the spinning velocity.

CONCLUDING REMARKS

The study of dynamic characteristics of rotating laminated filament-wound cylindrical
shells has been presented by using a closed-form solution of a general type of field equations
<and arbitrary boundary conditions.
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The results provide an insight into the sensitivity of the resulting natural frequencies
to the spinning speed and to small variations in the combinations and ordering of the
laminates.
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APPENDIX A

The following are definitions of various. terms that were mentioned during the derivations.
Resultarll forces:

(AI)

(A2)

Resultant moments:

(A3)

Inertia .:onslants:

Rotational accelerations:

I f·:a:.a".a; = R (a,.a". -a,) /ld~.
n hI

The elem.:nts of the matrill in eqn (X):

(M)

(AS)

(A6)
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APPENDIX B

The operators LSi) are given by:

Ls" : _n 2Au ( ) +2inA,( ),: +A::( ),::

Lsu : -n2(A"'-~B")( )+in[Au+A:.-~(B:.+28,,)} ),:+(-1;,- ~B:,)( )::

2(A 28 I ) , (., 5 J) ( 3 2)LS2:: -n 00-- ,.. + .. 0 .., ()+In _..1",--8,,,+-.0,,, ().'+ ..1"--8,,+ .. 0,, (),;.'
Q Q" a lr . a . a'

.["( ') I J [.I( I) I ]LS2.I:1" -n"- -8,.. +-0,., -..1,.,+-8,., () 3".- 8",--0", -..1,,,+-8,,, ().
a a a a a a"

. I[ I., ] I( I)-In- 8",+28"--(0,,,+_0,,) ()".+- -8,.+-0,.. (a a...·.... tJ ... (1 ..

LSH : Ls ..'

.[.I( I) I J [,l( 4) 2]L.•,!: In -n··- -8,.,+ 0 .., -..1,.,+ II,., ( ) n·· J8,,,- n,,, -..1,.. + -- n... ( )"
a a a {/ {/ {/

, I [., I ] I ( 2)-If/ _1'•• +R.,,- (41J.. +D.,,) () .. - IJ.• - D" (
tl ... tl ... ..... U ... tI"

[,,- I ] (4 4) [.,,,l ., ]
LS'J" -1-0,,,,-2n2 8 00 +..1.., ()+ ,D",+i" R", (),'+ - -, (21J"+1J,,.)- -II,,, ( ) ..

IJ a (r (I .. ,r .. u .....

(BI)
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